A semianalytical model based on the method of eigenfunction expansions and domain decomposition is developed for Stokes shear flow over a grating composed of a periodic array of parallel slats, with finite slippage on solid surfaces and infinite slippage on the bottom of troughs mimicking a no-shear liquid-gas interface penetrating into the space between slats. The model gives the macroscopic slip lengths for flow parallel or normal to the slats in terms of the microscopic slip length of the liquid-solid interface, area fraction of the no-shear liquid-gas interface, and depth of the liquid-gas interface in the grooves. When the no-shear interface lies flat on the top of the slats, the macroscopic slip lengths are the maximum and can be estimated with reasonably good accuracy by simple formulas. However, the slip lengths, particularly the transverse one, are very sensitive to penetration of the no-shear interface into the grooves. They can be reduced by a large factor when the interface just slightly gets into the grooves. On comparing with some molecular-dynamics simulation measures, it is pointed out that the applied pressure, which has to be less than the capillary pressure in the superhydrophobic state, can be correlated with the penetration depth of the no-shear interface.
I. INTRODUCTION
There is sufficient evidence that the viscous fluid flow over some surfaces shows apparent slip, violating the traditional no-slip condition. These surface slip phenomena occur on lubricated or chemically treated hydrophobic surfaces, 1, 2 minute rough surfaces, 3 and recently superhydrophobic surfaces where a different low viscosity fluid is trapped in the crevices. Although the amount of slip is small, the phenomenon is important in microfluid mechanics, where the slip length ͑defined as the extrapolated distance into the surface where the velocity would become zero͒ is comparable to the nominal dimension.
Previous theoretical work in this area mostly considered a flat surface with alternate stick-slip boundary conditions [4] [5] [6] or infinite depth slots. [7] [8] [9] [10] Recently flow over finite depth grooves was studied by Wang 3 using eigenfunction expansions for a single fluid and by Cottin-Bizonne et al. 6 using molecular dynamics for two fluids. It was found that the depth penetration of the bulk fluid significantly reduces the effective slip. Since the boundary of the bulk fluid, due to surface tension or pressure differences, could never be flat, it is imperative to investigate the effect of finite depressions of the surface.
In the microscale of the roughness, any viscous flow near the surface would reduce to a shear flow and the Reynolds number is so small that Stokes ͑creeping͒ flow description is adequate. We shall consider the shear flow over a grating composed of periodic parallel slats or a plate with periodic slits. We ask, what is the effect of this periodic boundary on the flow, especially the apparent surface slip?
II. FORMULATION
Consider longitudinal and transverse flows of a liquid over an array of slats of thickness 2͑1−a͒L that are placed with period 2L apart. With a gas phase trapped in the grooves between the slats, the liquid is supposed to penetrate into a groove by a depth of bL. Figure 1 shows an overview of the flows over the slats as well as a close-up cross section view of one period of the pattern, where the dimensions have been normalized with respect to L. For simplicity, the curvature of the meniscus is ignored, and the gas is assumed to be nonviscous. Hence, we treat the liquid-gas interface as a stressfree flat surface lying by a depth of bL into a groove of width 2aL. The geometry is similar to that of Wang, 3 except that the bottom of the liquid in the grooves has zero shear instead of zero slip. If the depth b is zero, we recover the flat stickslip boundaries of previous authors. If the depth b is large, we expect the infinite depth solutions to apply.
On the other hand, Fig. 1͑b͒ can be reflected about the no-shear plane. Then the solution represents the ͑local͒ Stokes flow past a 2bL-thick fine slat, which is also important in microfluid mechanics and has never been studied before.
In order to accommodate possible slip on the solid surfaces, we generalize the no-slip condition on the slats to Navier's partial-slip condition. Such cases occur, for example, on surfaces with coatings or surface roughness in a scale much smaller than L. Figure 1 shows also the coordinate system, with lengths normalized with respect to L. Macroscopic slips corresponding to longitudinal flow ͑normal to the x-y plane or parallel to the slats͒ and transverse flow ͑along the x direction or normal to the slats͒ over the pattern will be deduced. We decompose the domain into two regions: region I is when a͒ Author to whom correspondence should be addressed. Electronic mail: cong@hku.hk. −b Յ y Ͻ 0 and −a Յ x Յ a and region II is for y Ͼ 0. The flow is symmetrical about the midplane x = 0, so only x Ͼ 0 needs to be considered. Owing to the small length scale of the problem, low Reynolds number or Stokes flow is assumed here.
A. Longitudinal flow
For noninertial Stokes ͑i.e., Reynolds number Ϸ0͒ flow caused by unit shear at infinity ͑instead of an applied pressure gradient͒ along the slats, the governing equation is
where w͑x , y͒ is the longitudinal velocity normalized by ͑L / ͒, being the shear stress at y = ϱ and being the fluid viscosity. For region I, the general solution that satisfies the no-shear condition w y =0 at y =−b is
where A n are constant coefficients and ␣ n are eigenvalues to be determined. The Navier partial-slip condition assumes that the slip velocity is proportional to the local shear or
where 0 ՅϽϱ is a given normalized slip length. The noslip condition is recovered when = 0, and perfect slip occurs when → ϱ. To distinguish this from the macroscopic slip length to be introduced later, is referred to as the microscopic slip length. Substituting Eq. ͑3͒ into Eq. ͑2͒, the characteristic equation for the eigenvalues ␣ n is cos͑␣ n a͒ = ␣ n sin͑␣ n a͒, n = 1,2, ... , ͑4͒
which gives ␣ n = ͑n −1/ 2͒ / a if = 0 or has to be solved numerically if 0. Any numerical algorithm to search for the roots of Eq. ͑4͒ will depend on sufficiently accurate initial guess values. For Ӷa, the first few eigenvalues can be estimated by
For large n, the asymptotic values of ␣ n are given by
where n = ͓͑n −1͔͒ −1 Ӷ 1. If ՆO͑a͒, Eq. ͑5͒ can be used as the initial guess for n = 1, while Eq. ͑6͒ provides good guesses for n Ն 2. With these guess values, MATHCAD can be employed to find any desired number of roots of Eq. ͑4͒.
For region II, the general solution that satisfies periodicity in x and unit shear stress at y → ϱ is
where ␥ n = n. The matching conditions on y = 0 are
Integrating Eq. ͑8͒ with respect to x from 0 to 1 gives the slip velocity B 0 ,
͑10͒
where we have truncated B n to M terms and A n to N = Int͓aM͔ terms. On multiplying Eq. ͑8͒ by cos͑␥ m x͒, followed by integration from 0 to 1, we get FIG. 1. ͑Color online͒ ͑a͒ Longitudinal and transverse flows of a liquid over a periodic array of hydrophobic slats with trapped gas; the liquid meniscus curves down into the grooves. ͑b͒ A close-up cross section view of one period of the pattern, with coordinates and dimensions which are normalized with respect to half the period of the array; the liquid-gas interface is simplified to be a surface lying flat inside the grooves. 1 2
͑11͒
where
and
Multiplying Eq. ͑9͒ by cos͑␣ m x͒, followed by integration from 0 to a, we get
Equations ͑11͒ and ͑14͒ are a system of N + M linear equations that can be solved for the same number of unknowns: A 1,. . .,N and B 1,. . .,M . In this work, we have chosen to use the IMSL-DLSARG high-precision solver to solve the system of equations. Solutions of good accuracy can be obtained when M Ͼ 50 is used. 3 The limiting case of a flat surface, b = 0, is also of interest to us. The above system of equations will, however, become ill conditioned as b → 0 and may not yield very reliable results. To solve for this limit in a more direct manner, the flow in region II is found by the method of collocation instead. The coefficients B 0,. . .,M are to be determined by having the interface boundary condition
͑15͒
satisfied at equidistant M + 1 discrete points on the line 0 Յ x Յ 1, y = 0. We have found that we need M Ϸ 200 in order to get solutions of good accuracy when compared with the analytical limit ͓Eq. ͑44͔͒.
B. Transverse flow
For Stokes flow normal to the slats, the governing equation is the biharmonic equation
where ͑x , y͒ is the streamfunction normalized by ͑L 2 / ͒. For region I, the general solution satisfying = 0 on the boundaries x = a and y =−b and zero-stress yy = 0 on the bottom of the groove y =−b is
where C n , D n , and E n are coefficients to be determined, n = ͑n −1/ 2͒ / a, ␤ n = n / b, and
The partial-slip condition at x = a requires
Multiplying this equation by sin͑␤ m y͒ and integrating with respect to y from −b to 0 gives
͑20͒
where we have truncated C n and D n to N terms and E n to P terms,
For region II, the general solution that satisfies periodicity ͑ x = 0 and xxx =0 at x =1͒ and unit shear stress and zero pressure gradient at infinity ͑ yy = 1 and yyy =0 at y → ϱ͒ is
where ␥ n = n. The matching conditions on the interface y = 0 are
Integrating Eq. ͑26͒ from 0 to 1 gives
Multiplying Eq. ͑26͒ by cos͑␥ m x͒ before the integration gives 1 2
where we have truncated H n to M terms and
Integrating Eq. ͑27͒ from 0 to 1 gives the slip velocity
where we have truncated G n to M terms as well, and
Multiplying Eq. ͑27͒ by cos͑␥ m x͒ before the integration gives
Finally, we multiply Eqs. ͑28͒ and ͑29͒ by cos͑ m x͒ and integrate from 0 to a and obtain
͑39͒
In summary, by selecting N = Int͓aM͔ and P = Int͓bM͔, we may solve Eqs. ͑20͒, ͑31͒, ͑35͒, ͑37͒, and ͑38͒, which are a system of 2͑N + M͒ + P linear equations, for the same number of unknowns: C 1,. . .,N , D 1,. . .,N , E 1,. . .,P , G 1,. . .,M , and H 1,. . .,M . Again, the IMSL-DLSARG high-precision solver is used to solve the system of equations. Solutions of good accuracy can be obtained when M Ͼ 100 is used. 
III. MACROSCOPIC SLIP LENGTHS
For the two flows described above, let us introduce two corresponding macroscopic slip conditions,
where ␦ l and ␦ c are the macroscopic slip lengths for flows parallel and normal to the slats, respectively. When normalized with respect to L, these slip lengths are equal to the slip velocities
as have been given in Eqs. ͑10͒ and ͑33͒. In the limiting case of b = 0 and = 0, analytical expressions for these slip lengths can be deduced from the results obtained by Philip, 4 who considered shear flow over a flat plate with a periodic array of no shear alternating with no-slip slots:
In this particular case, ␦ c is exactly equal to half of ␦ l .
A. Comparison with previous modeling
Cottin-Bizonne et al. 6 studied fluid slippage on a flat heterogeneous surface ͑composed of alternate stripes of no slip, partial slip, or perfect slip͒ using two approaches: molecular-dynamics simulation ͑MDS͒ and macroscopic modeling based on continuum hydrodynamics. Our present model is comparable to their second approach, although different problem formulation and solution methods are used. Also, their macroscopic model is only for the case of a flat or smooth surface ͑i.e., b =0͒, while our model is more general, allowing fluid to get in between the slats or roughness elements ͑b Ն 0͒.
Our model has been checked for its accuracy by revisiting the continuum modeling cases of Cottin-Bizonne et al., 6 as presented in their Figs. 9-12. Their results have been reproduced identically with our model. For illustration, we show in Fig. 2 the exact agreement between our results ͑the solid lines͒ and theirs ͑the symbols͒ for cases that have been presented in their Fig. 12 . On comparing the graphs, one should note that a normalized length of ours is twice that of Cottin-Bizonne et al., 6 as our lengths have been normalized with respect to a half-pitch of a cell, while theirs are with respect to a full pitch of a cell. The plots show the longitudinal slip length ␦ l as a function of the microscopic slip length and the fraction of surface with infinite slip, a, where b = 0. It is confirmed that when → 0, ␦ l tends to ␦ l0 as given in Eq. ͑44͒. On the other extreme when ӷ1, ␦ l increases almost linearly with . Based on this observation, Cottin-Bizonne et al. 6 put forward a phenomenological model to describe this linear relationship ␦ l = / ͑1−a͒ for large . They claimed that this formula would in practice work well even down to ՆO͑0.1͒. In order to have a formula that may work well for the entire range of , let us here propose the following extended formula, in which the zero--limit term is added to the original formula by CottinBizonne et al.:
where ␦ l0 , as given in Eq. ͑44͒, is for the limit = 0. To check the accuracy of the original formula by Cottin-Bizonne et al. 6 as well as that of the extended formula ͑45͒, we present in Table I a comparison, for the particular case a = 0.5, between the approximate values generated by these formulas and the actual value computed from the complete hydrodynamic model. Clearly, the original formula can give reasonably good prediction only when ϾO͑1͒; its validity is certainly not down to the suggested small value of = O͑0.1͒, where the percentage error can be more than 50%. By including the zero--limit term, the extended formula is not only much more accurate but also applicable to large or small values of . The maximum error of the extended formula is 3%-6%, which happens in the range = O͑0.01-0.1͒. The further away from this range, the higher the accuracy.
As will be discussed later, our modeling results show that the transverse slip length will have the same asymptotic limit as the longitudinal slip length for large when b =0. Hence, on this basis, we may propose a similar approximate formula for the transverse slip length:
where ␦ c0 = ␦ l0 / 2, as given in Eq. ͑44͒, is for the limit =0.
We have tested the accuracy of Eq. ͑46͒ by comparing with the actual values and found that it is comparable to that of Eq. ͑45͒. To demonstrate the effect of fluid getting into the grooves, we show in Fig. 2 the results for b = 0.1 ͑dashed lines͒ as well. Clearly, the macroscopic slip length will be decreased. The effect is most pronounced when both and a are large. As will be further discussed below, the slip length can be dramatically changed with even a small depth of fluid penetration into the grooves. This is especially true when the groove width is large ͑a Ͼ 0.5͒.
In their MDS, Cottin-Bizonne et al. 6 observed a transition of the normal state, in which the liquid fully occupies the space in a groove, into a superhydrophobic state, in which partial dewetting takes place in a groove, as the pressure drops below the capillary pressure given by p capillary = ␥ cos͑ − ͒ / ͑aL͒, where Ͼ / 2 is the advancing contact angle between the liquid and the solid surface, and ␥ is liquid-gas surface tension. The superhydrophobic state is defined to be the state when the slip length on a rough surface becomes greater than that on a smooth surface or the roughness is to enhance the surface slippage. This happens when the pressure is lower than the capillary pressure, so that the bottom of the grooves is free from liquid molecules. The dewetting then leaves the space to be occupied by vapor molecules, which offer little shear resistance to the liquid flow above. The liquid-gas interface is a surface which is assumed to be of infinite slip. The macroscopic slippage is affected by the curvature or depth of penetration of the liquid-gas interface into the grooves, which in turn is affected by the applied pressure.
A simple relationship between the pressure and the depth of the interface in a groove can be deduced as follows. By Young's law, the pressure difference ͑i.e., liquid pressure-gas pressure͒ across the interface is
where the angle / 2 Յ Յ is the variable contact angle that is dynamically adjusted in order to maintain equilibrium of the interface for a given pressure difference and is the maximum contact angle that can be attained between the liquid and the solid surface without losing stability of the interface. In its lower limit, = / 2, the pressure difference is zero, and the interface is flat without any liquid penetration into the grooves. In its upper limit, = , the pressure difference is equal to the threshold capillary pressure ͑above which the superhydrophobic state will be lost͒, and the interface has the smallest possible radius of curvature equal to aL / cos͑ − ͒, and the liquid meniscus is curved down to the maximum possible extent. Assuming that the penetration depth of liquid in a groove is equal to the depth of the lowest point of the meniscus, we may obtain that
Equations ͑47͒ and ͑48͒ provide a relationship between ⌬p and b through parametric dependence on the variable contact angle . Let us consider two limiting cases. One limiting case is when the maximum contact angle is attained, = , for which ⌬p = p capillary = ␥ cos͑ − ͒ / ͑aL͒ and b = b max = a͓1 − sin͑ − ͔͒ / cos͑ − ͒. Another limiting case is when the pressure difference is so small that the meniscus is only slightly curved, for which we may let = / 2+⑀ where 0 Ͻ ⑀ Ӷ 1. It then follows from Eqs. ͑47͒ and ͑48͒ that ⌬p Ϸ ␥⑀ / ͑aL͒ and b Ϸ a⑀ / 2, or b Ϸ͑a 2 L / 2␥͒⌬p, which is a linear relationship. In fact, one can find that the relationship remains fairly linear throughout the range of , except near the upper limit ϳ . Figure 3 shows a plot of ⌬p / p capillary = cos͑ − ͒ / cos͑ − ͒ versus b / a = ͓1 − sin͑ − ͔͒ / cos͑ − ͒ for the variable contact angle varying in the range 90°Յ Յ 137°. Here, we consider the limiting contact angle = 137°, which corresponds to the value used by CottinBizonne et al. 6, 12 in their MDS. Based on this theoretical relationship, we have further computed the longitudinal slip length as a function of the liquid pressure in an attempt to compare with the results that have been presented in Fig. 13 of Cottin-Bizonne et al. 6 As reproduced in Fig. 4 , the MDS of Cottin-Bizonne et al. 6 provides some measures of the slip length ␦ l as a function of the pressure ratio, p = p / p capillary , in the superhydrophobic state ͑p Ͻ 1͒, where p is the liquid pressure. As the hydrodynamic model of Cottin-Bizonne et al. 6 can only handle the flat surface case ͑b =0͒, their macroscopic model results fail to agree well with the MDS results except at very low pressure. Here, an attempt has been made by us to apply the above-deduced relationship, graphically shown in Fig. 3 , to generate ␦ l as a function of p .
First, based on Fig. 13 of Cottin-Bizonne et al., 6 we infer that p Ն 0.06, and hence ⌬p / p capillary = p − 0.06. Second, based on the measurements of Cottin-Bizonne et al., 6 ,12 the microscopic slip length ͑one for the smooth surface͒ is pressure dependent and is here assumed to vary linearly with the pressure: = 2.5 when p = 0.06 decreases linearly to = 2.0 when p = 1.0. The no-shear fraction is a = 0.833. With these inputs, the result being represented by the solid line in Fig. 4 , our theoretical prediction agrees very well with the MDS results, showing clearly the decreasing trend of the slip length with increasing pressure ratio. This comparison confirms that the effect of pressure on the macroscopic slippage, as exhibited in the MDS results, can indeed be accounted for by the depression of the no-shear interface in the grooves. This comparison also offers support to the use of relations ͑47͒ and ͑48͒ in our model. Our simplifying approach of treating the meniscus to be a surface lying flat inside a groove also finds support here.
Ybert et al. 13 estimated that in the limit of a very small protrusion of the liquid meniscus into the gas phase, the meniscus curvature effect is given by a first-order linear correction 14 to the idealized case of a flat meniscus without depression. For flow parallel to grooves, they deduced that, in the limit of vanishing groove fraction ͑a → 0͒, the difference between the effective and the ideal slip lengths is linearly proportional to the product of the no-shear fraction and the maximum protrusion of the meniscus ͑b m ͒: ␦ l − ␦ l0 ϳ −a ϫ b m . Let us here suppose that b m ϳ b. To test this relationship, we show in Fig. 5 the change in slip length ϵ͑␦ l − ␦ l0 ͒ / a resulting from a very small depth of liquid penetration into the grooves ͑b Ӷ 1͒ for =0, a = 0.1, 0.08, 0.06, and 0 Յ b Յ 0.0005. In this figure, the symbols are the modeling results, and the line is the one that power fits the results. With the slip length difference normalized with respect to a, the results indeed tend to follow a single line when b is sufficiently small. Also, except very near b = 0, the line does exhibit a good degree of linearity for small b. We may reason that, owing to a flat interface being assumed, the present model behaves in a qualitatively different manner from the modeling with a curved interface on approaching the limit b = 0. Here, it is seen that the scaling law of a linear small-b limit is not perfectly followed by the present model. The deviation from linearity is relatively small in magnitude, however.
B. Comparison with previous experiment
Choi et al. 11 conducted experiments on flow of water over superhydrophobic nanograting surfaces in microchannels. In their experiments, the half-pitch was L = 115 nm and the half-groove-width was 80 nm so that the fraction of surface with infinite slip was a =80/ 115= 0.7. Based on a previous work by Choi et al., 15 a microscopic slip length of 30 nm ͑or normalized =30/ 115= 0.26͒ was assumed to be the partial slip on the solid ridge top of the hydrophobic nanogrates. They deduced from their flow measurements the fol- lowing slip lengths for the hydrophobic surfaces. For flow parallel to the nanograting, in terms of mean and standard deviations, the slip length was 143Ϯ 35 nm, while for flow transverse to the nanograting, the slip length was 61Ϯ 44 nm.
As presented in their Fig. 6 , Choi et al. 11 also performed some theoretical prediction of the macroscopic slip length based on their experimental conditions using the formula suggested by Cottin-Bizonne et al.:
6 ␦ l = / ͑1−a͒ for flow parallel to the grates. According to this formula, they estimated that ␦ l =30/ ͑1 − 0.7͒ = 100 nm, which is somewhat off their measured values. As pointed out above, the formula by Cottin-Bizonne et al. 6 can lead to a substantial error when applied to ͑normalized͒ = O͑0.1͒, where in this case ͑normalized͒ = 0.26. We show in Fig. 6͑a͒ a revised 11 where the macroscopic slip length is computed from the present complete model ͑rather than from the approximate formulas͒. The calculated slip length for microscopic partial slip= 30 nm and a = 0.7 is 164 nm, which gives us an upper bound. We show in Fig. 6͑b͒ the same set of curves but for b = 0.1. For this case with a slight depression of the infinite-slip interface in the grooves, the corresponding slip length is reduced to 116 nm. A rough calculation based on these two limits will give us an average of 140 nm, which is close to the mean value of 143 nm found by Choi et al. 11 It is reasonable to believe that the scattering of data shown in their Fig. 4 is to some extent due to the depression of the liquid surface into the grooves.
We further show in We then show in Fig. 7͑b͒ the ratio of ␦ c / ␦ l as a function of b. As remarked above, when b = = 0, this ratio is equal to 0.5 exactly. When b = 0 but Ͼ0, we find that this ratio is in general larger than 0.5 ͑the ratio= 0.8 in this case; see further remarks in the next section͒. However, like ␦ c itself, the ratio drops rather appreciably ͑more than 50%͒ when b is just slightly changed from zero to 0.05. The ratio is diminished to 0.4 when b = 0.03 ͑the depth inferred above͒, which accords with the experimental ratio of 0.43, as was reported by Choi et al.
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C. Further discussions
To further understand the dependence of the two slip lengths on other parameters, we show in Figs. 8 and 9 the longitudinal and transverse slip lengths ͑␦ l , ␦ c ͒, respectively, as functions of the fraction of surface of infinite slip ͑a͒, fluid penetration into a groove/trough ͑b͒, and microscopic slip ͑͒. In these figures, a log scale is used on the horizontal axis in order to reveal the sharp changes in the two slip lengths near b = 0. We also show in these figures the zero-b limits ͑dotted lines on the left end of each curve͒, as evaluated by the exact formula ͑44͒ for = 0 or the approximate formulas ͑45͒ and ͑46͒ for Ͼ0. An analytical large-b limit is also available for ␦ l when = 0, as was found by Richardson:
This asymptotic limit is also shown by a dotted line on the right end of each curve in Fig. 8͑a͒ . In each case of Ͼ0, a horizontal dashed line is drawn in the figure to show the range of b in which the state can be considered as superhydrophobic, when the macroscopic slip length is larger than the microscopic slip length ͑␦ Ͼ, or when the curves are above the dashed line͒. From these figures, the following observations can be made.
͑1͒
The longitudinal slip length ␦ l is close to its zero-b limit as long as b Ͻ 10 −2 and it drops gradually as b increases over a smooth heterogeneous surface of sufficiently large microscopic slip, the flow direction is immaterial, whether parallel or normal to the stripes of heterogeneity. The effect of on the slip length ratio can be dramatically different when b is nonzero. For b Ͼ O͑1͒, the ratio is somewhat greater than 0.4 when = 0 but diminishes to become as small as 0.05 as ӷ1. Hence, for flow over a rough surface with large fluid penetration into the roughness, the longitudinal flow can be much more favored than the transverse flow when the microscopic slip is large. Let us compare, for example, Figs. 8͑d͒ and 9͑d͒. In this case of large microslip, the transverse flow is in the superhydrophobic state only when b Ͻ O͑10͒ −3 . In sharp contrast, the longitudinal flow can be in the superhydrophobic state as long as b Ͻ O͑10͒ −1 , a limit that is two orders of magnitude greater than that for the transverse flow. Figures 10 and 11 show some streamlines for flows transverse to the grooves. In Fig. 10 , one can see that, with a large area fraction of the groove ͑a = 0.9͒, a small depth of fluid penetration into the groove ͑b = 0.1͒ can result in the velocity being significantly reduced by a factor of 10. This echoes our observation that even a very small depression of the no-shear interface into the gap between slats can offer large resistance to flow transverse to the grating. From Fig.  11 , one sees that the microscopic slip length has effects not only on the magnitude of the flow but also on the flow pattern in the groove. When the solid surface is no slip ͑ =0͒, the space in the groove is largely occupied by a recirculating flow. As the solid surface has partial slip = 1, the recirculating flow is much reduced in size and strength. The microslip enables the exterior flow to encroach upon much of the space in the groove, thereby increasing the macroslip velocity. For a fixed rate of Poiseuille flow through a wide channel of height 2h, the reduction in pressure drop arising from boundary slip of length ␦ is
. ͑50͒
Let us evaluate the reduction in pressure drop for the particular cases shown in Figs. 10 and 11 on assuming that the normalized half-height of the channel is h = 10. For the cases shown in Fig. 10 , the slip lengths are ␦ c = 10.63 and 0.485, corresponding to = 76.1% and 12.7%, respectively. Hence, the reduction in pressure drop is indeed very significant when the no-shear fraction is as high as 0.9 and the interface lies flat on top of the slats. Choi et al. 11 remarked that for friction reduction by the effective slip to be larger than that by the simple expansion of the channel dimension, the slip length must be greater than the height of the nanograting structures. This can be achieved in principle by increasing the no-shear fraction to as close to unity as possible. We here point out that, however, owing to the possible sagging down of the interface into the grooves, the friction reduction in reality can be much lower than that in the ideal case of an interface lying flat on top of the nanostructures. For the cases shown in Fig. 11 , the slip lengths are ␦ c = 0.0352 and 0.275, corresponding to =1% and 7.6%, respectively. The nanopattern will practically lose its effect on the friction reduction when the interface depresses to a depth comparable to the period of the grooves. Even though a hydrophobic chemical 
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Stokes shear flow over a grating Phys. Fluids 21, 013602 ͑2009͒ coating on the slat can appreciably enhance the macroslip, the gain in the pressure drop reduction is still rather limited if the liquid penetrates too deeply into the grooves. In summary, the reduction in pressure drop can be effectively achieved in a superhydrophobic channel when ͑i͒ the noshear fraction is as close to unity as possible, ͑ii͒ there is little penetration of the liquid-gas interface into the grooves, and ͑iii͒ there is microslip on the solid surfaces. Any small deviation from the first two conditions may render the effect to be much lessened.
IV. CONCLUDING REMARKS
In this paper, we have developed a semianalytical model, based on the method of eigenfunction expansions and domain decomposition, for two-dimensional longitudinal and transverse Stokes shear flows over a periodic array of parallel slats, where the solid surfaces are of partial-slip type, and the fluid-gas interface in the gap between two slats is a noshear or infinite-slip surface. Distinct from those in the literature, the present model allows the no-shear interface to depress to any depth in the grooves. Our model has been tested for its accuracy by comparing results with previous modeling and experiments. On extending a phenomenological model, we have put forward two simple formulas, Eqs. ͑45͒ and ͑46͒, which may yield reasonably accurate predictions for the two slip lengths in the case of a flat/smooth surface b = 0. In fact, the macroscopic slip lengths are the maximum when there is no depression of the no-shear interface into the grooves. A slight depression of the no-shear interface may lead to a substantial reduction in the slip lengths, particularly for the transverse flow. Since the dewetting phenomenon is related to the applied pressure relative to the capillary pressure, we have proposed a relationship between the pressure ratio and the position of the liquid-gas interface in the space between two hydrophobic walls. The superhydrophobic state is effective only when the pressure is below a certain threshold so that the no-shear interface is not positioned too deeply in the voids. We have seen that the range of b in which the transverse flow is superhydrophobic is much narrower than that in which the longitudinal flow is superhydrophobic.
Our next problems are to investigate slippage over posts 16, 17 or other more complicated nanopatterns, such as a bubble mattress with an inverse meniscus ͑i.e., gas protruding into the liquid phase͒. 
